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CN Abstract: 

,—1 We develop a worldline approach to quantum gravity in D = 4. Using the background 

■^ field method we consider the covariantly gauge fixed Einstein-Hilbert action with cosmo- 

Q^ logical constant, and find a worldline representation of the differential operators identified 

^ by its quadratic approximation. We test it by computing the correct one-loop divergencies. 

Alternative worldline methods, such as the use of the 0(4) spinning particle that is known 

I to describe correctly the propagation of a massless spin 2 particle m D = 4, find obstruc- 

K*" tions in the coupling to an arbitrary background metric, apparently preventing a more 

-y-. extensive use in perturbative descriptions of quantum gravity. We expect that our model 

T-H might simplify calculations of one-loop amplitudes with respect to standard quantum field 

theoretical methods. 
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1 Introduction 

Worldline methods have been useful for studying quantum field theoretical processes both 
in flat space (see [1] for a review) and in curved space (see [2-6] for examples). However, 
the inclusion of a quantum spin 2 particle to account for the graviton has proved difficult 
to achieve. The use of the 0(4)-extended spinning particle^, which is certainly able to 
describe the propagation of a massless spin 2 particle in flat space, has met with severe 
obstructions in trying to couple it to a generic curved background. Indeed in [9] and [10] 
it was found how to couple it to (A)dS and conformally flat spaces, respectively, but an 
extension to generic background metrics remains elusive. 

This problem is in a way similar to the case of the 0(2)-extended spinning particle, 
that can be used to describe spin 1 fields coupled to background gravity, but which does 
not seem to admit a coupling to background gauge fields. Nevertheless, it has been used 
successfully in [11] to give a worldline description of non-abelian fields by using BRST 



^It belongs to the class of 0(A'')-extended spinning particles that describe particles of spin N/2 [7, 8]. 
For A'' = 0, 1, 2 they have been used to describe spin 0, 1/2, and 1 coupled to curved backgrounds in refs. 

[2], [3], and [4, 5], respectively. 



and string inspired methods. The extension of these methods to the 0(4) particle is not 
obvious. 

Given this state of affairs, we try here a simpler, though perhaps less elegant, ap- 
proach, namely that of deriving from the quadratic fluctuations of the gravitational field 
suitable particle actions that upon quantization give precisely the differential operators of 
the quadratic fiuctuations. We keep an arbitrary background metric and adopt a conve- 
nient background-covariant gauge fixing. This approach has the virtue of allowing for a 
useful representation of the one-loop effective action of quantum gravity in terms of world- 
line path integrals. We test this method by reproducing the correct one-loop divergencies 
for the Einstein gravity [12], in the presence of the cosmological constant as well [13] (see 
also [14]). 

As a side result, our findings allow us to get a further check on the correctness of 
the worldline calculation of the heat kernel coefficients in the one-loop effective action of 
higher spin fields on (A)dS spaces, recently performed in [15] by use of the 0(A^)-extended 
spinning particles. One may check that in the case of spin 2 in D = 4 the coefficient of the 
logarithmic singularity found in [15] differs from the one reported in [13]. However that 
was not totally unexpected, as one typically finds topological mismatches for dually related 
theories in such a coefficient, which is indeed proportional to the Euler character in D = 4, 
see [4, 16] for the case of differential forms. The quadratic (and quartic) divergences on 
the other hand are not topological, but were not reported in [13, 14], so that a direct test 
could not be performed in [15]. We find now that they indeed agree with the ones explicitly 
computed in the present paper. 

We expect that the flexibility of the worldline path integral representation might be 
useful in calculating one-loop quantum gravity processes in a simpler way than standard 
QFT methods. Of course, there are many powerful approaches speciflc to I? = 4 that are 
being considered in the literature nowadays. The present work is a step towards the un- 
derstanding of the role the worldline formalism can play in describing quantized gravitons. 
Yet, it would be interesting to find a unified worldline model able to describe the gravi- 
ton on its own, and not coming directly from manipulating QFT expressions. The 0(4) 
spinning particle indeed describes spin 2 massless particles, but it does not allow them to 
interact with an arbitrary gravitational background, and something new is perhaps needed 
in that direction. 

2 Background-quantum splitting of Einstein-Hilbert action 

Let us consider a D dimensional curved manifold Ai with euclidean signature, equipped 
with a riemannian metric G^y{x). The Einstein-Hilbert action with cosmological constant 
reads 

We perform a background-quantum splitting by defining a fixed classical metric g^u{x) and 
quantum metric fiuctuations h^^{x), such that Gf^u{x) = g^u{x) + h^^{x). In order to get 
the effective action at one-loop, it is sufficient to consider the perturbative expansion of 



(2.1) up to quadratic order in h^^. Expanding the Einstein-Hilbert action in powers of hfj^iy 
we get 

S[g + h] = -^[So + Si + S2 + Y, Sn] , (2.2) 



71=3 



where 



So = -jd''x^[R-2A] , 

Si= [ d^x V5 j/i'^" (R,.. - \9^.uR + 9^.uA] 

52 = - y d^x V5 { ^ /i^" ( V" + 2A) V - ^ ^(V + 2A) /i + ^ (V^ V - ^V^^) ' 

+ ^ W'^W"' R^.xa + I [h^^^K - hh^-) R^, + K^' - 2/i''' V) R} > 

with h = g^^hfj^ij. In the above formulas and from now on ah covariant derivatives and 
curvature tensors are intended to be background quantities built from g^^i, only: V = V(g) 
and so on. The indices are raised and lowered by means of g^u and its inverse, so that 
hy = g^'^hau and so forth. 

The original action (2.1) of course enjoys invariance under diffeomorphisms of the full 
metric 

SGf,, = £^Gf,, = eOxG,,, + {d^e)Gxu + {duC^)G^x (2.4) 

where £^ denotes the Lie derivative along the vector field (,^. In the split action (2.2) 
one can recognize two different symmetries, both taking the same form (2.4) when acting 
on the full G^u'- a classical symmetry under background diffeomorphisms of g^u, with /i^^^ 
transforming as a tensor, i.e. 

^^ 9ij.u = £^ gfiu , S^ h^y = £^ h^y , (2.5) 

and a quantum gauge symmetry involving h^^ only, that reads 

At this point we find convenient to further split the metric fluctuation into traceless 
and trace parts as 

h^u = h^,u + -j^Qtiv h , (2.7) 

with g^'^h^u = 0.^ The quadratic action in the split form reads 

52 = y(i^xV5{-^/i^"V2v+(^-^)w2/i-l[v%^ + (^-i)V^/i]'-Mi-M2} 

(2.8) 

^We choose to split the fields into traceless and trace pieces because the operator involved in the effective 
action for the full fiuctuation /i^^ would produce, due to the trace projector, a non perturbative vertex in 
the worldline model that we prefer to avoid. 



where the curvature pieces Mi and M2 are given by 



R^u - ^ h^'^Ku [R - 2A) , 



Mo 



8 iD D^J \2D a) 



(2.9) 



The quantum gauge symmetry for the new fields reads 
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fiiy 



^u^u + Vi.e 



fl'^U 



U'^fJ, 



D 



g^yV ■e + 0{h,h) , 6h = 2V ■ e + 0{h,h) 



(2.10) 



We omitted the parts of the gauge transformation (2.10) hnear in h and hfj,u, since they 
are not needed at one-foop order, but are easily deduced from (2.6). 



3 Gauge fixing 

In order to deal with the action 52 at the quantum level, we have to fix the quantum gauge 
symmetry (2.10). Let us denote 



Ju 



V'Ka + ' ' 



''VfJ, 



D 



D'^.h 



(3.1) 



We choose an R^ gauge in order to remove the non laplacian part of the kinetic operator, 
namely the f^f^ part in (2.8). Hence, using BRST methods, we take as gauge fixing 
fermion the following functional 



*=y"(i^xV5&^[// 



r^. 



(3.2) 



jvr^ = 0, 



where h^^ is the anti-ghost and vr^ the auxiliary field, such that Ssb^ = i??vr'^, 

r/ being the anticommuting BRST parameter. The gauge fixing plus ghost actions are 

obtained now by the BRST variation of (3.2) with the BRST parameter stripped off 



5^ + 5gh = ^ = y d''x^g[ [y + i^^/^] - h^^ sf^] 



(3.3) 



where we denoted sf^ = f^{sh, sh). Here sh^u and sh equal (2.10) with the gauge param- 
eter e^ replaced by the fermionic ghost c'^ (they correspond to the BRST transformations 
with the BRST parameter ry stripped off). 

The path integral over vr^, J Dtt e~^ , yields a contribution to the total action that 
reads +2 /" ^\/5^'^' canceling the corresponding term in 5*2, as can be seen from (2.8). 
The total ghost action ^gh consists of a quadratic piece Sbc and higher order terms giving 
b — c — h interactions, that are however irrelevant at the one-loop level. The total action 
quadratic in the quantum fields thus reads 

Sq = Shh + Sbc , where 
S-,^ = ld''x^{ - 1/^M<^V2V+ (i - ±) W^/i-Mi -M2} , (34) 



She 
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d^'x^b'^ 



V^c^ + R^y c" 



By looking at (2.8) and (3.4), one can see that in four dimensions the action for /i^j, and 
h completely separates as Sj^^ = Sj^ + Sh, since the only mixing term (l — j^^hh^^^ R^y 
vanishes for D = 4. After functional integration, this leads to a complete factorization of 
the corresponding determinants, and for sake of simplicity we will focus from now on only 
in four dimensions. We set then Z) = 4, where Sj^j^ reads 

Sih= f d^x^i-] /1^^(V2 + 2A) V + ^ ^(V + 2K)h 

1 1 I ^ ('•') 



4 Effective action 

In order to obtain the one-loop effective action, one should integrate e~^'' in Dh Dh Db Dc. 
However, at this point one encounters a well-known issue in euclidean quantum gravity: 
the scalar piece of the action, S^, has the wrong sign in the kinetic term, and this would 
make the gaussian integral badly divergent. This problem has been widely discussed in 
the literature, see for instance [17, 18]. We choose to follow the one-loop prescription of 
Hawking and Gibbons, that suggests to Wick rotate the integration contour in /i-space to 
make the integral converge. After doing so, the three actions to be integrated are 

Sj, = j d^x^[--^ h'^-'iV'' + 2A) V - I h'^^h'"' R^,xa - \ h^'^K R^u - \ h'^'Ku r} , 

Sh rotated = -^ f d'^X^h{V^ + 2A)h, 



y Ca + Ruu C 



fiu ' 



(4.1) 



At this juncture we can write the one-loop partition function for pure gravity by means 
of the following gauge fixed path integral 



Z[g]= I DhDhDhDce'^'^ 



(4.2) 
oc Det^/' [K^,,A. + M^,,A.] Det^'/' [-^(V^ + 2A)] Defy [C^] , 

where the subscripts of the determinants denote the functional space on which the operators 
are meant to act, namely symmetric traceless rank two tensors, scalars and vectors. The 



operators K, M and G are explicitly given by 

K^y^Xa = -j{gtiXgiya + QuXOfia " \ QfiugXaj (^V^ + 2A 



M, 



fii',Xa 



QuaRfix + g^uRux + guxRfia + gfixRucr — g^uRxcr — gxaR^iu + 4 g^ugxaR 



+ T ( gfixgucT + guxgfia - 5 gt^ygxa ] R , 



Gf^ 



-(5^v2 + ii(^] . 



(4.3) 



The form of the above operators i^ and M may appear rather cumbersome. This is just 
because they have to be endomorphisms mapping traceless tensors to traceless tensors. 
Once they act on the correct functional space, their action greatly simplifies. 
The one- loop effective action is defined as Z[g] = e~^^^' and thus reads 

r[g] = ^{TrrTln[K^,^Xa+M^,^Xa] + TTsln[-'^{V^ + 2A)]-2Tryln[G'i]} . (4.4) 
In the following section we will study a worldline model able to produce (4.4). 



5 Worldline representation 

The first step towards the worldline theory is, as usual, the Schwinger proper time repre- 
sentation of the logarithms. Given an operator O, one has 



Ti-lnO 



/3 



Tr 



-(SO 



(5.1) 



The effective action for gravity is thus given by the sum of three traces, that will be 
reinterpreted as heat kernels of quantum mechanical hamiltonians 

2 



m 



. f{- 



-I3{K+M) 



+ Tr 
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(V^+2A) 



2Ti- 



-/3G 



}• 



(5.2) 



where the operators K, M and G refer to the corresponding ones in (4.3). When acting 
on traceless symmetric tensors and vectors, respectively, they read 

1 
2 
1 

1 






(V^ + 2A) 



'^ly 1 



[RfiXua + RuX^la " 2 gfJ.i^Rxa) 4> '^ — 1^ {R^ 4>Xu + Ry (pXfi " 2 dfiuR " (pXaj 



+ ^R4'^lu , 



{Gv) 



V\ + R^.v v" 



(5.3) 



Since we are going to consider K + M, G and — 2 (V^ + 2A) as quantum mechanical hamil- 
tonians, the next task is to construct two different particle models containing symmetric 
traceless rank two tensors and vectors in their Hilbert spaces, where the above operators 
have to be realized. The scalar operator is readily recognized as the well-known hamiltonian 
for the bosonic particle in curved space, and needs no further discussion. 

5.1 The traceless tensor model 

Hereby we will study a worldline model able to reproduce K + M as hamiltonian, and 
containing symmetric traceless rank two tensors in its Hilbert space. Spacetime coordinates 
and conjugate momenta x'^{t), p^{t) are the phase space bosonic variables of our model. 
The target space is a curved four dimensional manifold endowed with the metric g^u{x)- To 
realize our Hilbert space we shall introduce worldline complex fermions that are spacetime 
symmetric traceless rank two tensors. A few words are now in order. We could indeed 
use fermionic variables as iIj^'^ (t) and '4)^^ (t) , but this would lead to several technical issues 
that are cumbersome to overcome. In fact, one would have spacetime dependent ip, ip 
anticommutators. This choice would produce a lot of ordering issues in fermion bilinears 
that one would like to avoid. We choose then to introduce a background vielbein e"(x) and 
spin connection ojf^abix), and we introduce worldline fermions that are spacetime symmetric 
traceless tensors with flat indices: ip'^^{t) = 'ilj'^"-{t) and ^"^(t) = V'''"(t), obeying 4^2 = '^a = 
0, where ■^'s are conjugate momenta of ip's. We should stress that, doing this, we are in no 
way quantizing gravity in the frame formulation. The quantization is performed in metric 
formulation, as there are no quantum fluctuations of a vielbein, nor a quantum Lorentz 
gauge symmetry. We are simply introducing a background vielbein, that allows to flatten 
indices, such as hat = Ca e'j^ h^^ and, whenever all operators are covariant objects, one can 
switch flat to curved indices for free. 

Upon canonical quantization these phase space variables obey the following (anti)- 
commutation relations 

[x^',p^,] =ib^ , {V'''^ ■iA"^} = ^"■''^^'^ + ^^"^'"^ - - ^''^^'"^ , (5.4) 

where b is the flat metric. We realize them as operators by treating x^ and i^) as graded 
coordinates of the wave function, while the momenta are represented as derivatives thereof^ 



d_ 



9'l'v,9-'l' = -^d,, ^a, = ^—,. (5.5) 



We stress that, as the trace-free condition is imposed covariantly ( see (5.4)), ■0"'' should 
be represented as a linear combination of ^ derivatives. We represent it formally as (5.5), 
meaning that -r^^ ip'^'^ = 6^6^ + 6^6^ — ^ 6abS'^'^, that is indeed the identity in trace-free 
space. A state in the Hilbert space is represented by a wave function depending on x and 



^The g factors appearing here ensure hermiticity of p^ when using the covariant scalar product, that 
involves y^, and are common when considering quantum mechanics in curved space. As for the fermions, we 
find it useful to consider coherent states, as defined in appendix A, so that any state \(j)) can be represented 
as a wave function (j){x,il}) = ((a::| ® {tp\)\(j}). 



-0 variables: \(j)) ~ 4>{x,'ijj), where as usual the ip dependence is polynomial and of finite 
order. We can then expand the wave function as 

9 

!</.) ~ 0(X,V) = E'/'(ab),...(ab)„(x)^('^^)l...V^(«^)" . (5.6) 

n=0 

The sum runs from to 9 in four dimensions, but in generic D it would be ^{D + 2){D — 1), 
the number of independent components of a rank two symmetric traceless tensor. We see 
that, among other fields, we have in the spectrum the rank two symmetric traceless tensor 
<t'ab{x) = hab{x) we are looking for. In the following we will project out all the unwanted 
additional fields so, from now on, we will always consider wave functions containing hab 
only: \h) ~ hab{x)r''- 

In order to construct covariant derivatives, we introduce Lorentz SO{D) generators 

^ab ^ _^ba ._ 1 [^ac^ ^b] _ 1 ^^bc ^ ^a] ^ ^a _ ^b _ ^b _ ^a ^ (^5_7) 

where we denoted Tp"- ■ ijj^ = ip^-'^tj;^. They indeed obey the SO{D) algebra 
and are used to define the covariant derivative operator as 

V^ -=9^ + ^ UJ^ab M""' = d^ + LO^ab ^ ' ^' ■ (5-9) 

We used the hat to distinguish this quantum mechanical operator, acting on wave functions, 
from the ordinary covariant derivative V^ acting on fields. In fact one has 

V^/l(x, ij) = {V^.KbW'' = {d^Jlab - OJ^fa hcb - ^i.\ hacW^ ■ (5.10) 

Recalling that p^ = —ig~^''^d^g^'^^ the operator can be written in terms of momenta as 

V^ = ig'l^i^^g-^l^ = ig^l^ {p, - iu^abr ■ i^') 9'^'^ , (5-11) 

in this way defining the covariant momentum vr^. One should emphasize, however, that 
further applications of V do not produce covariant objects. For instance, applying it twice 
one obtains 

v^v,/i(x,v) = {Vt.v.Kb + r^^u^xKb)V' , 

and so on. This is obvious by inspecting (5.9), and can be also understood from the fact 
that Vf^\h) itself does not belong to the Hilbert space. Fortunately, we need only the 
combination of V's that gives the laplacian, and this is a true endomorphism of the Hilbert 
space, sending states to states 

V2 := ±v,g^''^V, = -g-'/^g'-^g'/^ug-'/' , 

v^ (5.12) 



V^h{x,^) = {V^hab)i^ 



ab 



With these operators at hand, we can finally give the quantum mechanical representation 
of the operators K and M of the previous section 

= ^5-'/%5^'^ff'/V<?-^/^-A, (5.13) 

indeed, acting with M on a state one gets 

Mh{x,ij) = -(Rabcdh'"^ + Rabhl- I Rhac)r\ (5-14) 



that is equivalent to (5.3) if one uses the symmetry and tracelessness of ^l^°^^. The quantum 
hamiltonian for our model is thus given hy H = K + M. To construct a worldline action 
the only missing piece is a constraint projecting out all the unwanted fields in (5.6) with 
n 7^ 1. This is easily achieved by constructing the U{1) generator 

J=\[r'',i^ab]='N-l, (5.15) 

where N counts the number of ■(/''s in a state (j){x, tp). Since J commutes with H, it can be 
constrained to have a determined eigenvalue by means of a worldline U{\) gauge field and 
a Chern-Simons coupling, as it is common in spinning particle models, see e.g. [4]. The 
classical action for our model, in phase space and euclidean time is finally given by 

S[x,p, ^,i^;A\= I dt\- ip^x'' + I i^ab^' + I 5^"vr,.vr, " A - J Rabcd ^'i^'"' 

^ ^ ^ (5.16) 







1 „ ,„ .. 1 „ . ./I 



RabV-^' + ^R- iA(^-r'^ab - s) 



where A{t) is a worldine gauge field enforcing ( J— s)|/i) = 0. Due to the quantum orderings 
appearing in (5.15), the Chern-Simons coupling ensuring N = 1 is s = — ^ or, in arbitrary 

D, s = 1 — J -. The classical covariant momentum reads t^^= p^ — iw^afeV'" ' V'^- 

Integrating out momenta p^, we get the classical action in configuration space 

S[x, V', ^; ^] = / dt\\ g^.i^i;^ + \ i,ab {Dt + iA) r' - I Rabcd r^i''"' 
- - iJafe ^^ • ^^ + - -R + «^s - aI , 



where the covariant time derivative for fermions is given by Dtil^ = ip + x'^ ((^^"c i^ + 

This is a nonlinear sigma model in curved space. It is well known that path integrals 
for such models need a regularization, due to ill defined products of distributions in the 
perturbative calculations. We shall employ dimensional regularization (DR), widely studied 
for classes of nonlinear sigma models analogous to the present one [3, 4, 19-22]. Once the 



regularization scheme is chosen, one has to identify the correct counterterm to be added 
to the classical action, to be sure that its path integral corresponds to a precise quantum 
hamiltonian; in the present situation to K + M. In this case, we may guess that the 
counterterm has two sources: one is the usual bosonic one, needed to correctly represent 
V^ (that is — g^ in DR). The other comes from ordering issues of fermions. The path 
integral usually produces a Weyl ordering (graded-symmetric) for fermionic polynomials. 
While this does not affect wi/'V' terms (ordering is immaterial due to antisymmetry in w^afc), 
it produces extra contributions of the form ^ R from the potential terms like Riemann ■^p^lJ. 
However, to be sure of the correctness of our computations, this educated guess has been 
checked by directly comparing transition amplitudes obtained with operator methods and 
path integrals, in close analogy with the procedure employed in [22], obtaining 

Vct = -Ir, (5.18) 

o 

where a contribution of — g ii is the DR bosonic counterterm, while — | i? is precisely given 
by Weyl ordering the potential terms in M. It is useful to rescale the time as t = /3t, in 
order to have ^ as a parameter organizing the perturbative expansion. In doing so, we 
rescale the fermions as ip ^ -y^il), 'ip ^ ~7b'^ ^^"^ ^^^ gauge field as A — )• 4^. We shall also 
add to (5.17) the counterterm (5.18), and we eventually get 



1 '■1 



/3jo 
2 



1 ,. ^.M^i^ _L 1 ./, , r n ^i A\ ti,"-^ - ll ff , . ,h"-c,iM 



S,,.[x, i;,t,A] = - I dr - g^.i^'x" + - {[^ab {Dr + iA) r'' - ^ Rabcd V'r 

(5.19) 



Rabi^''-i^''-f3^[^R + A)]+is f drA. 



Before starting the computation of the effective action, we present the worldline model for 
the ghost sector. 

5.2 The vector model 

In this subsection we will construct a quantum mechanical model having G as hamiltonian 
operator, and containing vector fields in its Hilbert space. The graded phase space consists, 
as usual, of spacetime coordinates and momenta x'^{t), p^{t), accompanied by complex 
worldline fermions A"(i) and A°(t), where o is a flat Lorentz index. This construction is 
similar to the usual 0(2) spinning particle [4, 5], with the difference that here the states 
will be vector fields with no gauge symmetry, rather than gauge invariant field strengths. 
The canonical (anti-)commutation relations are 

[x^p.] = i5^ {A^A''} = 5"^ (5.20) 



Just as before we treat x^ and A'' as graded coordinates, and p^, A"^ as derivatives thereof 

The wave function consists now of a set of antisymmetric tensors 

4 

|^I')~^(x,A) = ^^ai...a„(x)A'^l...A'^". (5.21) 

n=0 



10 



The vector field we are interested in sits at the n = 1 level. As we did in the previous case, 
we are going to project away all the other fields in (5.21) and so we concentrate on states of 
the form \v) ~ Va{x) A". Lorentz generators are readily constructed as M""^ := A" A'' — A^'A" 
and the covariant derivative operator reads 



V, 



^g'/'^,g-'/' 



ig 



1/4 



a \b 



Pfi - i^fiab A A ] 5 



-1/4 



(5.22) 



The Laplace operator is the same as before when written in terms of covariant momenta 

(5.23) 
and the full hamiltonian, the operator G, is given by 



V^:-- 



-g-'^Wa^'-g'^'^ug-'/' 



1 



1 



H^G:=^ fl-i/V^ g'^'^ g'^\, g-'/' - ^ R,, A^A" . (5.24) 



In order to obtain the correct worldline action, we have to project on the n = 1 sector of 
the Hilbert space. The U{1) generator counting the tensor rank is J := ^[A"', Aa] = N — 2 
(N — Y in -D dimensions) . We gauge the J generator by means of a worldline gauge field 
a{t), in order to obtain (J — s)\v) = for a Chern-Simons coupling s. Due to the quantum 
orderings in J, the s coupling enforcing N=liss = — 1, ors = l — yinL) dimensions. 
With all these ingredients we can write the classical phase space action in euclidean time 
as 



S[x,p, A, A; a] = / dt 
/o 



ip^xf' + ~XaX'' + ^g^''Tr^7r,-^RabX''~X''-ia{X''Xa-s)\ , (5.25) 



where tt^ = Pii — i^^iab A°A^. Integrating out p^ we finally get the classical action in 
configuration space 



S[x, A, X;a\= / dt 
Jo 



\ g^uX^x"" + Aa (A + m) \''-\ Rab X'^X' + 



las 



(5.26) 



with the covariant time derivative DtX"^ = A" + x^w^^t A . This nonlinear sigma model 
has to be regularized as well. We choose again dimensional regularization, and find that 
the correct counterterm to be added to (5.26) is 



VcT 



R. 



(5.27) 



As in the tensor model, —^R comes from the bosonic part, while —-^R is due to Weyl 
ordering of the potential RabX°'X^- Also here we find convenient to rescale the time as 
t = (5t, as well as the fermions and the gauge field. Adding also the counterterm (5.27), 
we get 



1 



Sv[x, A, A;a] = — / dr 
P Jo 



rl 



/3 



a \b 



g^.ux^'x^ + Xa [Dr + ia) A" - ^ Rab A" A 



P'R 



+ is I dr a . 


(5.28) 
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6 One-loop effective action from worldline path integrals 

We are now ready to put all ingredients together and present the complete worldline rep- 
resentation of one-loop quantum gravity with cosmological constant. To test it, we use it 
to calculate with worldline methods the first heat kernel coefficients, also known as Seeley- 
DeWitt coefficients, that identify the diverging terms of the effective action (that must be 
renormalized away to make the effective action finite). 

By looking at the representations (4.4) and (5.2) for the effective action, we see that it 
comes from three separate contributions: from traceless tensor modes, scalar modes, and 
vector ghosts 

T[g] oc Ts + To - 2?! , (6.1) 

where the subscripts refer to rank two traceless tensors, scalars and vectors, respectively. 
The Seeley-DeWitt coefficients an{x) are identified by expanding the integrands in (5.2) in 
powers of (3 as 

rMocr^/C^^y:r «..(.), (0.2) 



where the prefactor of /3~-^'^ is the leading free field behavior. We will compute sepa- 
rately the three contributions coming from (6.1) by quantizing on the circle the worldline 
actions presented in the previous section. We perform a perturbative expansion for small 
/3, that corresponds to the ultraviolet region of the QFT, and compute the Seeley-DeWitt 
coefficients up to order /3^, that identify the divergent part of the effective action in four 
dimensions. The worldline actions for the tensor and the vector models have a C/(l) gauge 
symmetry that has to be fixed. It is well known, see for instance [4, 5], that on the circle 
the U{1) gauge field can be fixed at most to a constant (p and one is left, after gauge fixing, 
with an integral over the modulus (p corresponding to the gauge invariant Wilson loop: 
g«0 ._ gi Jo dTA{T)^ Since the gauge group is abelian, the Faddeev-Popov determinant is just 
a constant that is absorbed in the overall normalization. After taking this into account we 
can write down the worldline path integral representations as 



/3 Jo 2^ 



P J A 



Ti = r ^ r ^ [ Vx [ DAZ?Ae-^v[x,A,A;e] ^ (6.3) 

Jo /5 Jo 27ryp J A 



^-rix--^-'"' 



where covariant integration over traceless tensor fermions is defined in appendix A. Here, 
Stt[x, V', V'; 0] aiid S'v[x,A,A;0] are the actions (5.19) and (5.28) with the gauge fields set 
to constant values: A{t) = (p and a(T) = 6. The subscripts P and A stand for periodic 
and antiperiodic boundary conditions, needed to take traces in the bosonic and fermionic 



sectors, respectively. Vx ~ Yir \/9{^i'''))d'^^i^) denotes the generally covariant measure, 
while the fermionic measures are fiat, since our fermions are vectors or tensors with fiat 
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indices. Finally, the scalar action is simply given by 



Ss\x] = -: dr 



1 „o/l 



This is the usual bosonic action with DR counterterm, with minimal coupling and a mass 
term given by A. Its path integral is well known and will not be computed explicitly. 

6.1 Traceless tensor path integral 

We turn now to the perturbative computation of r2. In order to compute the periodic 
path integral in x, we split the trajectory as x^^[t) = x^ + Q^iT), where x^ is a fixed point 
in spacetime and the fluctuations vanish at the boundary: q^{0) = q^{l) = 0. The x path 
integral then splits as JpT)x = f d'^xyjg{x) J^ Vq, where D stands for Dirichlet boundary 
conditions. To proceed further, following [23, 24], we get rid of the metric dependent 
measure Vq by exponentiating the functional product Y\r ^/d^Mj)) with bosonic ghosts 
a^ir) and fermionic ghosts b^^r), c^{t), such that 

Vq= DqDaDhDce-^o'^ , where Sgh = - / dr - g^^{x)(a^'a'' + b^'c' 
Jd Jd P jo 2 V 

Having chosen the fixed point j;'^, we expand all the tensor fields around it, in order to 
perform the perturbative expansion. From S-n- + Sgh we can now extract the free action 

^2 = ^ 9^.u I dr(^rq'' + a^a'' + b^c'') +^j dr^ab{dr + i^W' , (6.5) 

where 5^1, = g^u{x) is the metric at the fixed point. As usual, from ^2 we extract prop- 
agators, while the remaining part of the action Smt is treated perturbatively in /3. It 
reads 

Sint = -^j dr { ^ [g^,{x + q)- g^,{x)\ [q^q' + a^o" + b^d'^^ + w^„fe(x + q) ^V ■ V^' 

- ^ Rabcdix + q) r'i^'" - ^ Rabix + q)r-^'-f^'l R{x + q)], 

(6.6) 

where the term with A and the Chern-Simons part of the action have been omitted, since 
they completely factorize out. We denote by (...) the average computed with the free action 

S2 

^ J^DqDaDhDcJ^Di^Di^Fe-'- 

^ '' j'^DqDaDbDcJj^DiliDilie-^^ ' ^'' 

With this notation, we can write the complete path integral as 

where n = '-^ -, that is n = 9 in four dimensions, and s = 1 — ^. The factor 

2 cos I I is the free path integral 
for n antiperiodic fermions, twisted with the angle (p as in (6.5). 
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By means of ^2 we obtain the following two point functions 

{q^{r)q''{<j)) = -^g'^-^{T,a), 

{a^\T)a^a))=f3g^^''AgH{T,a) , (6^(r)c'^(a)) = -2/35^'^ A,,(t, a) , (6.9) 

where the inverse metric is intended at the fixed point x'^, and the (unregulated) propaga- 
tors are given by 



A(r, a) = a{T - l)6'(r - a) + T{a - l)e{a - r) , 



(6.10) 



Af(z,i 



2 COS 



e'^e{z) 



'0{-z) 



with z = T — a . 



Here 5(r, a) is the Dirac delta acting on functions vanishing at the boundaries of the seg- 
ment [0,1]. To give a precise meaning to ill defined products and derivatives of these 
distributions one has to regularize them. We choose, as anticipated, dimensional regular- 
ization to compute worldline integrals. A brief discussion of the regularization scheme and 
more detailed properties of the propagators (6.10) are contained in appendix B. The per- 
turbative calculation can be performed in any coordinate system so, for sake of simplicity, 
we choose Riemann normal coordinates (and Fock-Schwinger gauge for the spin connec- 
tion) centered at the fixed point x'^. Our aim is to compute the Seeley-DeWitt coefficients 
up to order /3^, hence the only terms needed in the expansion are the following (obtained, 
for example, by using the methods of [25]) 



gtiv{x + q) 

uJ^,abix + q) 

Rabcd{x + q) 

Rab{x + q) 



9l.u + 3 q^q"" Rxf^ua + 0{q^) + q^q'^q'^q^ [ — VAV^iJ^^^/? + —RrXa^R'ap. 

2 q"" Rup^ab + 0{q^) + g'^g^" [ - VxVaRv^.ab + ^ R\\t,Rarab 

Rabcd + 0{q) + - q^'q" V^V^Rabcd , 

Rab + 0{q) + ^ q^'q" V^V.Rab , R{x + q)=R+ 0{q) + ^ q^q" V^V.R , 

(6.11) 



where all the tensors on the right hand sides are evaluated at x. The terms not written 
explicitly are those whose path integral is trivially zero, due to the odd number of quantum 
fields. We can now use the above expansions in the interacting action (6.6). To get terms 
up to order /3^ it is sufficient to compute 



(e-^'-) = 1 - (54) - {Se) + I {SD + Oi/3^) 



(6.12) 



where 5„ refers to the number of quantum fields, and contributes as (5„) = 0{f3"'/^ ^). 
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Their explicit form is 



1 



1 



•,/^«^,/,«,/,c6 



54 = ^ Rx^^ua J dr qY [rr + a^a" + bf^c^j + — R^.ab J dr q'^q^rd^' 
- I Rabcd I dT r""^'" -^Rab I dr rj'^' -ll3R, 



Sa 



+ 



1 



1 



^^VxV^R^^,^ + ^RrXa,.R\^.\ I dr q^q^^q^q^ (q^'cf + a^'a!' + h^'d' 



o ^X^aRfiuab + Wl R^ /iXuRarab 



(6.13) 



/3L 
1 



drq^q^qf^q^ilj^ilj 



cb 



1 - 1 fl 



^^.V.Rabcd I drq'^q'^r'^r-^^^^.Rab I drq^^q'^^c^ 



rrt^ri'^ 



We can now compute the quantum averages needed in (6.12), by using (6.13) and the 
propagators given in (6.9), (6.10), and we get 

1 



(e""^*"*) = 1 + (3R ( - + -itan- 



+''1(4-i^=--1)^'""^-- 



1 
720 ~ 16 



cos 



B'^R 



fit/ 



+ 



/ 97 7 
V288 ~ 32 



f. 



7 



cos" ^ + 7 tan ^ LR^ + — - + — tan ^ V'R } + C'(/3'^) . 



V240 16 



(6.14) 



The final step are the modular integrals in (6.8), that are easily computed by means of the 
residue theorem, by setting z = e*"^. Recalling that in four dimensions n = 9 and s = — |, 
one gets 

/ n.rii I (11 \ 



, 2 cos — 
2-K V 2 



e^h 



h 



h 



2-K 



, 2 COS — 
2-K V 2 



2-K 



, 2 COS — 
2-K V 2 



e^s-^tan- 



e*2'^ I COS 



7i 



(6.15) 



4. 



By using the expansion (6.14) and the integrals above we get the final result for r2 

r2 = 



dl f d^x./g{x) ^^c 9 2 



01 f^l 



L80 



''fivXu 



+ — R^-— V'R 
32 40 



7^2. 



80 
+ 



p,v 



0{p^)] . 



(6.16) 



Let us notice that the first Seeley-DeWitt coefficient oq gives the propagating degrees of 
freedom. Indeed we obtain ag = 9 for a symmetric, rank two, traceless tensor in four 
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dimensions. In order to get the two polarizations of the physical graviton we shall add the 
contribution of the scalar mode, and subtract the ghosts piece as dictated by (6.1). At this 
point, we can perform the path integral of the vector model in order to obtain Fi. 

6.2 Vector path integral 

The path integral over the circle of the action (5.28) proceeds following the same steps we 
presented for the tensor model. By splitting the x trajectory, exponentiating the nontrivial 
measure in Pg, and defining averages with the free action, the vector contribution to the 
effective action can be cast in the form 



dfl f^'cie / eY -i,e fd''x^{x) 



with s = 1 — Y- Now fermions are spacetime vectors: A", A*^, hence their contribution in 
the free path integral is (2 cos 2) • The free action used for the averages (...) is 

S2 = ^g^uj dri^q^^cf+a^^a^ + b^'d'^+^j dr ~Xa{dr + i9) X\ (6.18) 

while the interacting action is given by 

Sint = ^f dr { ^ [g^,{x + q)- gf,,{x)] (qf^r + a'^a" + b'^c''^ + oo^ab{x + q) ^ A'^A'' 

-^R^,{x + q)X^~X'-P^^R{x + q)} . 

(6.19) 

We see that the bosonic pieces are identical. All the two point functions not involving 
fermions A" and A*^ are thus exactly the same of the previous subsection. The two point 
function for fermions reads 

(A'^(r)A*((j)) = 6''''Af{t - a,e) , (6.20) 

where A.f is the same as in (6.10). We shall now expand the interaction part (6.19) in 
Riemann normal coordinates and retain only 5*4 and 5*6, that read 

54 = ^ Rx^^ua j dr q\- (^^q" + a^a'^ + 6^c^) + ^ R^.ab J dr q^^fX^) 



^'-^ 



X' 
Rab I drX^X'-^-^R, 
1 



1 fi -^ 

-•^ -- ' ' \a\b "-* 



2 ./o 



^VxVaRa^.up + ^RrXa^^R^ apu] j dr q^q'^Q^ {r^ + a^a"" + b'^c'') (6-21) 

^ VxVaR^..ab + ^ R\xuRarab\ J dr q\^ q^'q'^ X'^X'' 

\ "^^"^uRab J dr q'^q'^X'^X' - ^ /3 V^V.i? J dr q^'q'' . 



1 
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Again, the only terms to be computed in the perturbative average are (e '"') = 1 — (5*4) 



{Sg) + USI), that give 



(e"*'"*) = l + PR{- + -tan 



1 i 



3 4 



+ /3^ 



1 



V720 192 



2 f\ ijM^Aap + (^__L + jL cos-2 r ) RI^'^R 

2 J ^ V 720 32 2 ' '^ 



-2 V^ , « ._<^\ d2 , /^^ , ^ ,_ V^ \ v72dI , ^o^«3^ 



+ 1 cos"^ - + — tan - ) i?^ + ( ^ + — tan - ) V^R )■ + 0(p'^) . 

.288 32 2 12 2 J 1240 48 2' ( ^ ^^ > 



(6.22) 



The modular integrals are easily performed and give (in Z? = 4 one has s = — 1) 

/ ~ an I n \ 

h 



2-K J/3 



je 



h 
h 



je , 



2tt J/3 / a 

— I 2 cos - 1 e"-" tan - = 2i , 
27t\ 2j 2 

— 2 cos - e"-" I cos - 
2^V 2; V 2 



(6.23) 



Putting together (6.22) and the modular integrals in (6.17) we finally get the ghost contri- 
bution 



yyi^^^)^i'+6^''+^ 



720 ^ 360 



1 



p,U 



+ T7:R +^ ^ R 



18 



40 



+ 



0(/33)} 



(6.24) 



6.3 Final result 



We are finally ready to put everything together, to obtain the expansion for the gravity 
effective action. The scalar path integral appearing in (6.3) is well known, as already 
mentioned, and reads 



d/3 f d^x^/^ p^c 1 . 



+ /3^ 



720 '^ 720 



+ — R^ + — V'^R 
288 120 



+ 0(/33)}. 

(6.25) 



Assembling the three contributions as dictated by (6.1): r[(7] oc r2 + Fq — 2ri, we get the 
final result for the gravity effective action. Expanding in /3 the A exponentials in r2 and 
To, it reads 



rb]« 



dfi I' d'^xyj g{x) 



/? J (2vr/3)2 



{2 + /3 



43 „ 
+ 144^ 



^ i? + IOa) + /32 



53 nfiiyXan 361 p^jyp 
it iti, ,,\rr — it it 

180 '^ 360 



pu 



19 
60 



V^R + 5A^ 



13 



RA 



+ 0{13^)] 



(6.26) 
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We recognize from ao = 2 the physical polarizations of the graviton. By extracting the 
topological Gauss-Bonnet term E = B? y^^ — '^R^^ + B?, we can rewrite the logarithmic 
divergent part of V\g\ (the 0{j3'^) Seeley-DeWitt coefficient) as 

Tdrv[g] = ^\r ^1 ld^x^/^)[ — E+-R^'''R., + —R^ + l^K^--RA\. 
aivvy\ g^2 yj^^^j^ f3 J J V^^ ^\90 20 '^ 120 3 J 

(6.27) 

where we dropped the total derivative V^R and inserted the UV cut-off /3 ~ 1/M^ in the 
lower limit of the proper time integral. This is the well known result for one-loop divergen- 
cies of pure gravity [12, 13], and shows that our worldline models correctly reproduce them. 
We conclude that one may use the present worldline model with confidence to calculate 
more demanding one-loop amplitudes in quantum gravity. 
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A Fermionic coherent states 

Here we review some basic formulas about fermionic coherent states, suitably modified for 
our traceless tensor fermions tp and xp . 

Given the fermionic operators ip and -ip , symmetric in (ab) and traceless: ip^ = 
■02 = 0, they obey the oscillator algebra 



l^afe^ ^cd} ^ ^ac^bd ^ ^bc^ad _ ^ ^ab^cd ^ (^_^) 



where a, 6 = 1, ...,D are flat Lorentz indices. We treat ip^s as creation operators and V''s as 
annihilation operators with respect to the vacuum |0). We define coeherent states as 

\f)) ■= e^"'^«''/2|o^ ^ ^^1 ._ ^o| ^e'^ab/2 ^ (A.2) 

obeying ^'^''|f/) = fi"'''\fi), and the analogous relation for (^|. They are normalized as 

{^\f^) = fA'-^na^l'^ , (A.3) 

Since there are n = '-^ independent ip^s and ■i/j's, to define an integral over coherent 

states in a Lorentz invariant way, we introduce Lorentz invariant tensors, built from 6ab and 
£ai...aD that we call Z(^ab)i...(ab)„- They have to be symmetric and traceless in each couple 
{ab)i and antisymmetric exchanging couples, but we do not need their explicit expressions. 
For instance, in D = 2 one has 

Zabcd OC eacSbd + ^ad^bc + f-bd^ac + f^bc^ad ■ 

The integration measures are then given by 
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so that d^dr] = {—)'^dr]d^. The Z tensors are normahzed as to give 



1 



d^dfie 2 



li'^'flab 



didfie-2^"^-'^\f)){i\ = l (A.4) 

Tr^= I dCdfje~^^''''^''''{-C\A\fj) = [ dfjd^ e^ ^''''^'''' {C\A\fi) . 



B Dimensional regularization 

In this appendix we provide some details on the regularization scheme used in the manuscript, 
namely dimensional regularization (DR). 

The quantum fields of the traceless tensor and vector models have the following two 
point functions (all the formulas here are valid in four dimensions) 



{a^iT)a''ia)) = /3g^^ A,,(r,cT) , {b^{r)c''{a)) = -2/3g^- A,,(r,a) , 
that descend from the quadratic actions 

S^P = ^9f.uJ dri^rr + a^a"" + Ifc") + ^ J dr Aa(9, + i0)A° . 



(B.l) 



(B.2) 



The propagators have the continuum limit displayed in (6.10), but they come from the 
mode expansions 



A{r,a)=J2 



m=l 

oo 



2 

-^ — ^ sin(7rmr) sin(7rrn-cr) 



(r - l)a0{T -a) + {a- l)T0{a - r) , 



Agfi{T,a) = y^ 2 sin(7rr?2r) sin(7rm(7) = d^A{T,a) = 5(r, a) , 

m=l 

AF{T-aA)= E -^^ e^-(--) = ""^^^^7^ pig(r - a) - e-tg(a - r) 
.e^i/2 2^" + '^ 2cosf L 

(B.3) 

that are easily deduced by expanding the fields with Dirichlet boundary conditions in sine 
series: (^{t) = X]^=i '?^m^^^('^'^''")' ^"^^ ^^^ anti-periodic fermions in half- integer modes: 
^{'^) — Srez+i/2 ^J" ^^'^*'^^- ^^^ ^^^ above distributions are meant to act on functions 
defined on the segment [0, 1], and vanishing at the boundaries for the case of bosonic fields 
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while, for r / o" 



and relative ghosts, antiperiodic for the case of fermions. With the help of (B.3) we can 
easily find their derivatives and equal time expressions, when well defined: 

•A(r, a) = a - 9{a - t) , A*(r, a) = t - e{T - a) , 

•A'(r,a) = l-,5(r,c7), (B.4) 

A(r,T) = r(r-l), •A{T,a)\r=a = t - - , 

where dots on the left-right hand side stand for derivatives with respect to the left-right 
variable. By symmetric sum of the fermionic series, we also deduce: 

Ai.(0,(/)) = 2 tan^, (B.5) 

Af{t - a, 4>)AF{a - T, 0) = - J cos-2 ^ . (B.6) 

It is well known that products and derivatives of such distributions are ill-defined, 
and one needs to regularize the path integral. Discretizing the propagation time one gets 
time slicing regularization, while mode regularization is obtained by cutting off the series in 
(B.3). We choose here a different route, dimensional regularization. It consists in continuing 
the compact time direction with the addition of n non-compact extra dimensions, such that 

TG [0,1] ^r = (r,t) gR"x [0,1] . 

The quadratic action, extended in n + 1 dimensions reads 

^P Jr"x[0,1] ^ ' ^PjR"x[0,1] 

(B.7) 
and similarly for the vector model, where da = ^, and 7" are the gamma matrices in 
n + 1 dimensions. The propagators in extended space are given by 



00 



(B.^ 



/d'"'k —2 

7^^ Yl (vrm)2 + k2 sm(7rmr)sin(™a)e*'^-(*-^) , 
m=l 

— — Y^ 2sm{7rmT)sm{7rma) e'^''^^-^'' 
= <5(T,^)5"(t-s), 

AF{t-sA) = -^f^ y ^;''^l^\\^~i e^-^^-'^V^<^~^K 
^ '^^ J (2-kY ^ (27rr)2 + k2 - 02 

The propagators in extended space obey the following Green's equations 

a"9„A(t, s) = Aghit, s) = 6{t, a)(^"(t - s) , 
d . \ _ __, . (B.9) 



7"^ + i<P ] Apit - s, 0) = 5AiT - a)<5"(t - s) , 
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where 6 a is the delta distribution acting on antiperiodic functions on [0, 1]. Another useful 
identity, that can be obtained in n + 1 dimensions, reads 






dr 






(B.IO) 



In practical calculations, one does not employ the extended propagators (B.8). If the world- 
line diagram is ill-defined, one extends it with the extra dimensions of DR. In the extended 
space it is safe to integrate against the delta distributions and to integrate by parts, taking 
advantage of the non-compact dimensions and, using (B.9), (B.IO) and integrations by 
parts, one can recast the integrals in a form that is not ambiguous anymore, namely with 
no products of delta distributions nor divergent quantities such as 6{t,t). At this point 
it is possible to remove the regularization, and the result is computed in the original one 
dimensional form. The ghost system (a, b, c) ensures that every apparently divergent piece 
(coming from qq propagators) is removed after doing the allowed manipulations. 

Since the fermion propagator, twisted with the U{1) modulus (j), is exactly the same 
as in [4], there are no new diagrams to be regulated, and we refer to [3, 4, 21, 26, 27] for 
explicit examples of actual computations in DR. 
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